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Drag force in strongly coupled N = 4 SYM plasma in a magnetic field
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Applying AdS/CFT correspondence, we study the effect of a constant magnetic field B on the
drag force associated with a heavy quark moving through a strongly-coupled N = 4 supersymmetric
Yang-Mills (SYM) plasma. The quark is considered moving transverse and parallel to B, respectively.
It is shown that for transverse case, the drag force is linearly dependent on B in all regions. While
for parallel case, the drag force increases monotonously with increasing B and also reveals a linear
behavior in the regions of strong B. In addition, we find that B has important effect for transverse
case than parallel.
PACS numbers: 12.38.Mh, 11.25.Tq, 11.15.Tk
I. INTRODUCTION
The experiments at Relativistic Heavy Ion Collider (RHIC) and Large Hadron Collider (LHC) have produced a new
state of matter so-called quark gluon plasma (QGP) [1–3]. One of the interesting properties of QGP is jet quenching:
due to the interaction with the medium, high energy partons propagating through the QGP are strongly quenched.
Usually, this phenomenon can be characterized by the jet quenching parameter which describes the average transverse
momentum square transferred from the traversing parton, per unit mean free path. Alternately, the energy loss can
also be analyzed from the drag force, which is related to the interaction between the moving quark and the medium.
In the framework of weakly theories, the calculation of the jet quenching has been studied in many papers, see e.g.
[4–11]. However, many experimental results indicate that QGP is strongly coupled [3]. Thus, one would like to study
the jet quenching in strongly coupled theory via the use of non-perturbative techniques, such as AdS/CFT [12–14].
AdS/CFT, the duality between the type IIB superstring theory formulated on AdS5 × S5 and N = 4 SYM theory
in four dimensions, has yielded many important insights for studying different aspects of QGP [15]. In this approach,
the drag force for N = 4 SYM plasma was first investigated in [16, 17]. Therein, the energy loss of heavy quark is
understood as the momentum flow along the string into the horizon. Later, this idea has been extended to various
cases. For example, the effects of chemical potential on the drag force have been studied in [18, 19]. The R2 correction
on the drag force have been discussed in [20]. The effects of constant B-field or non-commutativity on drag force have
been investigated in [21]. Also, for the drag force in STU background, see [22]. For this quantity in some AdS/QCD
models, see [23–25]. Other important results can be found, for example, in [26–33].
Now we would like to give such analysis under the influence of a magnetic field. The motivation comes from the
experiment: the QGP produced in heavy-ion collisions may be subject to a strong electromagnetic field that created
by many spectator nucleons [34] and the effect of a magnetic field on some topological [35–37] and the dynamical
[38–41] properties of QGP have been investigated recently. On the other hand, one would like to be able to use
holography to study the effect of the magnetic field on various quantities [42–48]. Not long ago, the drag force in a
strongly coupled N = 4 SYM plasma with a strong magnetic field has been discussed in [46] and the results show that
this force is linearly dependent on B, i.e., f = −
√
λB
6pi v. However, the metric therein is valid only near the horizon, so
the discussions are restricted to the infrared (IR) regime. In this paper, we would like to extend it to the case of all
regimes by considering a general magnetic field. Specially, we want to know how an arbitrary magnetic field affects
the drag force.
The paper is organized as follows. In the next section, we briefly review the asymptotic AdS5 holographic Einstein-
Maxwell model and introduce the background metric in the presence of a magnetic field. In section 3, we show
numerical procedure and some numerical solutions. In section 4, we investigate the drag force for the quark moving
transverse and parallel to the magnetic field, in turn. The last part is devoted to conclusion and discussion.
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2II. BACKGROUND GEOMETRY
The holographic model is Einstein gravity coupled with a Maxwell field, corresponding to strongly coupled N = 4
SYM subjected to a constant and homogenous magnetic field. The bulk action is [42]
S =
1
16piG5
∫
d5x
√−g(R + 12
L2
− F 2) + Sbody, (1)
where G5 is the 5-dimensional gravitational constant, L denotes the radius of the asymptotic AdS5 spacetime. F
stands for the Maxwell field strength 2-form. Moreover, the term Sbody contains the Chern-Simons terms, Gibbons-
Hawking terms and other contributions necessary for a well posed variational principle, but Sbody does not affect the
solutions considered here.
The equations of motion for (1) are given by the Einstein equations
Rµν +
4
L2
gµν +
1
3
FρσF
ρσgµν − 2FµρF ρν = 0, (2)
and the Maxwell’s field equations
∇µFµν = 0. (3)
The ansatz for the magnetic brane geometry is [42]
ds2 = −H(r)dt2 + e2P (r)(dx2 + dy2) + e2V (r)dz2 + dr
2
H(r)
, (4)
with
F = Bdx ∧ dy, (5)
where, for simplicity, we have set L = 1. Note that in (4) the horizon is located at r = rh with H(rh) = 0. The
boundary is located at r = ∞. The constant B refers to the bulk magnetic field, pointing in the z direction. Also,
the three coefficients H(r), P (r), and V (r) can be obtained by solving the equations of motion.
In terms of (4), the Einstein equations reduce to
H(P ′′ − V ′′) + (H ′ +H(2P ′ + V ′))(P ′ − V ′) = −2B2e−4P , (6)
2P ′′ + V ′′ + 2(P ′)2 + (V ′)2 = 0, (7)
1
2
H ′′ +
1
2
H ′(2P ′ + V ′) = 4 +
2
3
B2e−4P , (8)
2H ′P ′ +H ′V ′ + 2H(P ′)2 + 4HP ′V ′ = 12− 2B2e−4P , (9)
where the derivations are with respect to r. Unfortunately, for these coupled equations analytic solution can not be
obtained easily. But an exact solution near the horizon (r ∼ rh), which denotes the product of a Banados, Teitelboim
and Zanelli (BTZ) black hole times a two dimensional torus T 2, can be found as
ds2 = −r
2f(r)
R2 dt
2 +R2B(dx2 + dy2) + r
2
R2 dz
2 +
R2
r2f(r)
dr2, (10)
with f(r) = 1− r2h
r2
. Here B = √3B represents the physical magnetic field at the boundary and R = L√
3
= 1√
3
denotes
the radius of the BTZ black hole. It should be emphasized that the metric (10) is only valid near the horizon, i.e.,
in the regime r <<
√BR2 where the scale is much smaller than the magnetic field. Recently, several authors have
used this metric to study the effect of strong magnetic field (IR regime) on the energy loss [46] and jet quenching
parameter [48].
In this article, rather than using (10), we apply a solution that interpolates between (10) in the IR and AdS5 in
the ultraviolet (UV). From the point of view of the boundary theory, this refers to an renormalization group (RG)
flow between a D = 3 + 1 CFT at small r and a D = 1 + 1 CFT at large r [42]. However, no analytic solution can
be found in this case and one needs to resort to numerics. In the next section, we follow the numerical procedure
mentioned in [42] and present some numerical solutions.
3III. NUMERICAL SOLUTIONS
To begin with, we derive some useful equations. By eliminating the B2e−4P terms in (6)−(9), we have
3H ′′ + 5(V ′ + 2P ′)H ′ + 4(P ′2 + 2P ′V ′)H − 48 = 0, (11)
3HP ′′ + 2HP ′2 −H ′P ′ − 5HP ′V ′ + 12− 2H ′V ′ = 0, (12)
3HV ′′ + 3HV ′2 + 4H ′V ′ + 10HP ′V ′ + 2HP ′2 + 2H ′P ′ − 24 = 0. (13)
Following [42], it is convenient to use rescaled coordinates. First, we rescale t → t¯ , r → r¯ and fix the horizon at
r¯h = 1, so that
H(1) = 0, H ′(1) = 1. (14)
In this case, the Hawking temperature is
T =
√−g ′¯
tt¯
gr¯r¯′
4pi
∣∣
r¯=1
=
1
4pi
. (15)
Next we rescale x, y, z coordinates to have
P (1) = V (1) = 0, P ′(1) = 4− b
2
3
, V ′(1) = 4 +
b2
6
, (16)
where b stands for the value of the magnetic field in the rescaled coordinates. Notice that if P ′ < 0, the geometry will
not be asymptotically AdS5, thus, the second equation in (16) gives us 0 ≤ b < 2
√
3.
Moreover, the geometry will have the asymptotic behavior as r¯ →∞,
H(r¯)→ r¯2, e2P (r¯) → m(b)r¯2, e2V (r¯) → n(b)r¯2, (17)
where m(b) and n(b) are rescaling parameters which can be determined numerically. Also, the physical magnetic field
B0 is given by
B0 =
√
3
b
m(b)
. (18)
Actually, the interval of b can be obtained from (18) as well. One can numerically check that m(b) is a decreasing
function of b and m(b→ 2√3)→ 0, for this behavior, see in the left panel of fig.1. On the other hand, it implies that
one covers in practice all values of B0 for 0 ≤ b < 2
√
3.
Finally, to have an asymptotic AdS5 in the UV, one needs to rescale back to the original coordinate system by
setting (x¯, y¯, z¯)→ (x/√m(b), y/√m(b), z/√n(b), then metric (4) becomes
ds2 = −H(r¯)dt2 + e
2P (r¯)
m(b)
(dx2 + dy2) +
e2V (r¯)
n(b)
dz2 +
dr2
H(r¯)
. (19)
When this is done, one can solve the coupled equations (11)−(13) with the boundary conditions (14) and (16).
As a matter of convenience, we drop from now on the bars in the rescaled coordinates. The numerical procedure
can be summarized as follows: First, choosing a value of b for 0 ≤ b < 2√3, one solves the equations (11)−(13) and
obtains the numerical solutions of H(r), P (r) and V (r). Then, fitting the asymptotic data for e2P (r) → m(b)r2 and
e2V (r) → n(b)r2, one gets the values of m(b) and n(b). Then the value of B0 can be obtained from (18). Finally,
setting (e2P (r), e2V (r)) → (e2P (r)/m(b), e2V (r)/n(b)), one obtains the numerical solutions. Likewise, one can study
other cases by varying the value of b . In the right panel of fig.1, we plot lnH(r), P (r), V (r) versus r for b = 2.7, we
have checked that it matches the fig.3 in [45].
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FIG. 1: Left: n(b) (dash curve) and m(b) (solid curve) against b. Right: lnH(r) (solid curve), V (r) (dash curve) and P (r) (dot
curve) against r for b = 2.7.
IV. DRAG FORCE
It is known that when a heavy quark moves in a hot medium, its interaction with the medium leads to a drag force
thus making it losing energy. On the other hand, the energy loss can be depicted in a dual trailing string picture
[16, 17], that is, a heavy quark moving on the boundary, but with a string tail into the AdS bulk. Under this scenario,
the dissipation of the heavy quark could be described by the drag force, which is conjectured to be associated with a
string tail in the fifth dimension.
In the proposal of [16, 17], the drag force is related to the damping rate µ (or friction coefficient), defined by
Langevin equation,
dp
dt
= −µp+ f1, (20)
subject to a driving force f1. And, for constant speed trajectory (or dp/dt = 0), the driving force is equivalent to a
drag force f .
Generally, to discuss the magnetic effect, one needs to consider different alignments for the velocity with respect
to the direction of the magnetic field, i.e., transverse (θ = pi/2), parallel (θ = 0), or arbitrary direction (θ). Here we
consider two cases: transverse and parallel.
A. Transverse case (θ = pi/2)
First we study the quark moving perpendicularly to the magnetic field in the x direction. The coordinates are
parameterized by
t = τ, x = vt+ ξ(r), y = 0, z = 0, r = σ, (21)
where one end point of the trailing string moves with the velocity v on the boundary while the other parts move in
the bulk.
The string dynamic is governed by the Nambu-Goto action
S = − 1
2piα′
∫
dτdσ
√−g, (22)
where g is the determinant of the induced metric with
gαβ = gµν
∂Xµ
∂σα
∂Xν
∂σβ
, (23)
where gµν and X
µ represent the brane metric and target space coordinates, respectively. Moreover, α′ is related to
the ’t Hooft coupling by 1/α′ =
√
λ.
5Plugging (21) into (4), the induced metric reads
gtt = −H(r), gxx = e2P (r), grr = 1
H(r)
, (24)
given this, one can identify the lagrangian density as
L =
√
−grrgtt − grrgxxv2 − gxxgttξ′2 =
√
1− e
2P (r)
H(r)
v2 + e2P (r)H(r)ξ′2, (25)
with ξ′ = dξ/dσ.
The equation of motion implies that ∂L
∂ξ′
is a constant. If one calls it Πξ, then
Πξ =
∂L
∂ξ′
= −ξ′ gttgxx√−g = ξ
′ H(r)e
2P (r)√
1− e2P (r)
H(r) v
2 + e2P (r)H(r)ξ′2
, (26)
results in
ξ′2 =
Πξ
2[1− v2e2P (r)
H(r) ]
H(r)e2P (r)[H(r)e2P (r) −Πξ2]
, (27)
note that in the right hand of (27), near the horizon the denominator and numerator are both positive for large r
and negative for small r. In addition, it is required that ξ′2 must be everywhere positive. Thus, the denominator and
numerator should change sigh at the same point, which leads to
H(rc) = e
2P (rc)v2, (28)
and
Πξ
2 = H(rc)e
2P (rc), (29)
where r = rc is the critical point.
On the other hand, the current density for momentum p1 along the x direction can be written as
pirx = −
1
2piα′
ξ′
gttgxx
−g . (30)
As a result, the drag force is obtained as
fb =
dp1
dt
=
√−gpirx = −
1
2piα′
Πξ = − 1
2piα′
ve2P (rc), (31)
where the minus sign means that the direction of the drag force is against the movement.
To compare with the strong magnetic field case in [46], we set e2P (rc) = R2B = 13B in (31). After using the relation
1/α′ =
√
λ, one gets
dp1
dt
= −
√
λB
6pi
v, (32)
which is exactly Eq.(32) in [46].
Also, if one sets H(r) = r
2
L2
(1 − r4h
r4
), e2P (r) = e2V (r) = r
2
L2
in (4), the drag force for N = 4 case [16, 17] can be
obtained from (31), that is
fN=4 = −piT
2
√
λ
2
v√
1− v2 , (33)
where we have used the relations
L4 = λα′2, rh = piL2T. (34)
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FIG. 2: Left: −fb against B0/T
2 for θ = pi/2. Right: fb/f0 against B0/T
2 for θ = pi/2. In all of the plots from top to bottom,
v = 0.9, 0.5, respectively. Here the velocity of light is taken as c = 1.
To proceed, we study the effect of magnetic field on the drag force for the transverse case. Numerically, we plot
the absolute value of the drag force versus B0/T
2 in the left panel of fig.2. (Since our main interest is to consider
the magnetic field effect, the coefficient 12piα′ does not play any role, here we set it as unity). From the figures, one
can see that at fixed velocity the drag force is almost linearly dependent on B0/T
2. Especially, the linear behavior is
quite well for the regions of strong magnetic field, in accordance with [46]. Moreover, by comparing the two figures,
one finds that at fixed magnetic field, the drag force increases as the velocity increases.
On the other hand, one can compare the drag force between the cases of b 6= 0 and b = 0 as following,
fb
f0
=
(dp1
dt
)b
(dp1
dt
)b=0
=
e2P (rc)
m(b) |b
e2P (rc)
m(b) |b=0
, (35)
the plots of fb/f0 versus B0/T
2 for two different velocities are presented in the right panel of fig.2. One can see that it
also reveals a linear behavior. Therefore, one concludes that for the transverse case, the drag force increases linearly
with the increase of the magnetic field.
B. Parallel case (θ = 0)
In this subsection we discuss the heavy quark moving parallel to the magnetic field in the z direction. The
coordinates are parameterized by
t = τ, x = 0, y = 0, z = vt+ ξ(r). r = σ. (36)
The next analysis is very similar to the transverse case, so we present the final results. The drag force for the
parallel case is
f ′b =
dp2
dt
=
√
−g′pirz = −
1
2piα′
ve2V (rc), (37)
where rc satisfies
H(rc) = e
2V (rc)v2. (38)
Likewise, we plot −f ′b versus B0/T 2 and f ′b/f0 versus B0/T 2 in fig.3. From the figures, one finds that the drag
force monotonously increases as the magnetic field increases. Also, it reveals a linear behavior for the regime of strong
magnetic field. In addition, by comparing fig.2 and fig.3, one can see that the slope of the plot in the parallel case is
much less than its counterpart in the transverse case, which means that the magnetic field has important effect for
the transverse case. Interestingly, a similar observation has been found in [45] which indicates that the magnetic field
has stronger effect on the heavy quark potential for the perpendicular configuration.
Several comments are in order: First, the rate of energy loss dE
dt
= f¯ · v¯ is dependent on the magnetic field, and a
strong magnetic field also yields a linear behavior, in agreement with [46]. On the other hand, it is known that the
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FIG. 3: Left: −f ′b against B0/T
2 for θ = 0. Right: f ′b/f0 against B0/T
2 for θ = 0. In all of the plots from top to bottom,
v = 0.9, 0.5, respectively. Here the velocity of light is taken as c = 1.
drag force is a kind of viscous force, since the magnetic field has the effect of increasing the drag force, one can say
that the magnetic field makes the medium more viscous. One step further, the magnetic field increases the effective
viscosity of QGP to a heavy quark.
V. CONCLUSION AND DISCUSSION
Motivated by the recent studies which regarding the influence of a strong magnetic field on QGP, in this paper,
we analyzed the effect of a constant magnetic field on the drag force with respect to a heavy quark moving in a
strongly-coupled N = 4 SYM plasma. We considered the quark moving transverse and parallel to the magnetic field,
respectively. It is shown that for transverse case, the drag force is linearly dependent on the magnetic field. While
for parallel case, the drag force monotonously increases as the magnetic field increases, and in the regions of strong
magnetic field it also reveals a linearly behavior, which supports the findings of [46]. In addition, we find that the
magnetic field has a stronger effect for transverse case rather than parallel.
On the other hand, the results indicate that the magnetic field increases the effective viscosity of QGP. Interestingly,
this finding is contrast to that in [21]. But one should keep in mind that the two results come from two different
holographic models. In [21], the authors consider a non-magnetized plasma (ignoring the effect of the magnetic field
on the plasma) and discuss the effect of constant B-field or non-commutativity. In this article, we consider a strongly
coupled N = 4 SYM plasma in the presence of a constant magnetic field. In short, the later is closer to practical [46].
Certainly, one should bear in mind that N = 4 SYM and QCD are different theories, in particular, in the vacuum.
But at finite temperature the two theories appear less different. So the results obtained from N = 4 SYM plasma
may shed some light to QGP.
Finally, it should be noticed that the plasma considered here is with zero chemical potential and finite magnetic
field. So one can take account into finite density in this model as well. It is relevant to mention that the charged
magnetic brane solutions has been discussed in [49]. Using that metric, one can study the effects of both chemical
potential and finite magnetic field on the drag force. We leave this for further study.
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